Chapter 10

Digital Search Trees
Av erage case analysis of
digital search trees and tries

NicolaiBaron von Hoyningen-Huene

10.1 Intro duction

A very common problem in computer scienceis to seard for the appearance of a
string inside a text. There exist algorithms that use sux trees, which are often

implemented as digital treesto optimize the performance of the seard. In this article

some properties of those data structures are analyzed, which can be usedto calculate
the averageperformance and spacecomplexity of algorithms using digital trees. For an
introduction to Rice's method (seeChapter 9) is recommended, but the mathematical

derivation in this article is largely basedon [FS86b].

In the rst part basic terms and structures are de ned. Subsequerly there will be
a detailed analysis of the internal path length and external internal nodes for digital

seard trees. The following derivation for properties of tries are just sketched because
of similarity to the precedert part. Then the binary trees are generalizedto M -ary
trees and examined. Concluding, a general framework for analysis of properties of
digital treesis preserted.

10.2 Trees

First of all we look at rudimentary de nitions for the sake of completenessand later
usage, the de nitions are taken from [CLR90]. In computer sciencedata has to be
stored in an intelligent way. Often there exist keys which are related to data, thus a
special data structure is needed.

De nition  10.1. A dictionary is de ned asan abstract data type storing items, or
keys, assaiated with values. Basic operations are insert, nd, and delete.

The operations new(), insert(i, v, D), and nd(i, D) may be de ned as follows:

new () returns a dictionary
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find (i; insert (i; v;D)) = v
find (i; insert (j; v;D)) = find (i; D) if i 6 j wherei and j areitems or keys, v
is a value, and D is a dictionary. The operation f ind (i; new ()) is not de ned.

The modier function delete(i; D) may be de ned as follows.

delete (i; new ()) = new ()

delete (i; inser t (i; v; D)) = delete(i; D)

delete(i; inser t (j; v;D)) = inser t (j; v;delete(i; D)) if i 6 j
We cande ne find (i; new ()) using a special value: f ail. This only changesthe return
typeof find. find (i; new()) = f ail
A tree is a commonly used structure for implementation of dictionaries:

De nition  10.2. A tree isde ned asa data structure accessedeginning at the root
node. Each node is either a leaf or an internal node. An internal node has one or more
child nodes and is called the parent of its child nodes. All children of the same node
are siblings. Contrary to a physical tree, the root is usually depicted at the top of the
structure, and the leaves are depicted at the bottom.
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Figure 10.1: Example for a trinary tree

And we have a special property of a tree:

De nition  10.3. The depth of a node in atree is the distance from this node to the
root of the tree.

We can constrain trees to optimize performance for some purp ose:

De nition  10.4. A search tree is atree where every subtree of a node hasvaluesless
than any other subtree of the node to its right. The valuesin a node are conceptually
between subtrees and are greater than any valuesin subtreesto its left and lessthan
any valuesin subtreesto its right.

In the binary world of a computer, trees with binary properties are widely supported:

De nition  10.5. A binary tree is either empty (no nodes), or has a root node, a
left binary tree, and a right binary tree.

10.3 Digital Search Trees

10.3.1 Data Structure of Binary Search Trees

De nition  10.6. A binary search tree is a binary tree and also a seard tree. A
new node is added as a leaf.
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Figure 10.2: Example for a binary seard tree with lexical ordering

The worst casefor seard is in the order of the number of keys N stored in a binary
seard tree, sincethe tree can be degeneratedto alinear list. This arise, when keysare
inserted in a a- or descendingorder. Instead the averagecasefor successfulseard in a
binary seard tree is logarithmic, becausethe worst caseis very unlikely. It evaluates
to

logN

21+Ni Hy 3= (@h2IgN+2 3+0 3

10.3.2 Data Structure of Digital Search Trees

Keys are always handled by a computer as binary data. Therefore we can use the
digital properties of the keys.

De nition  10.7. A digital tree is atree for storing a set of strings where nodes are
organized by substrings common to two or more strings.

The ordering of the keysis intuitiv ely: we follow the tree by the bits descendingfrom
the rst bit of the key represerted as a binary number until we cometo a leaf, a zero
directs usto the left, a oneto the right. In Figure 10.3and 10.4 you can seean example
tree, the binary coding of each letter is written next to it. Note, that the structure of
the digital seard tree depends of the order of the input of the keys. We dene N as
the number of keys stored in this dictionary. The number of nodesis limited by the
number of bits in the keys and larger than IgN but likely lessthan a constant factor
for many natural situations.

De nition  10.8. A digital search tree is adictionary implemented asa digital tree
which stores keys in internal nodes, so there is no need for extra leaf nodesto store

the keys.
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Figure 10.3: Example of a digital seard tree with internal path length = 8

The worst caseis the same as for binary seard trees in a similar pathological case.
But the average casefor successfulseard in a digital seard tree is improved:

IgN+—1+— + (N)+O

3 logN
In2 2 N
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Figure 10.4: Another example of a digital seard tree with samekeys

10.3.3 Internal Path Length

In this chapter the rst property of a digital searc tree is analyzed.

De nition  10.9. The internal path length of a tree is the sum of the depth of every
node of the tree.

This property is directly related to the complexity of the data structure: The number
of nodes examined during a successfulseard in a seard tree with N nodesis the path
length of this node and in averagecasethis counts asone plus the internal path length
normalized through division by N.

Let Ay be the average internal path length of a digital seard tree built from N
(sucien tly long) keys comprised of random bits. Then we have the fundamental
recurrence relation

Av=N 1+ —— L Ac+ Ay 1) N1 (10.1)

with Ag := 0.

The internal path length of any tree of N nodesis the sum of the internal path lengths
of the subtrees of the node plus N 1, that are the onesmissing for the distance from
ead node to the root of the whole tree. We count for eadh possible partition of the
nodes to both subtrees and weight the sum by the number of all possibilities. The
subtrees are randomly built.

We strike now for the goal to approximate Ay to get an explicit useful term. By
symmetry Ay is equalto Ay 1 k and we get

This equatlonF;s transformed into afunctloBaI oneon the exponertlal generating func-
tion A(z) = - An %7 with Al(z) = no1 AN A (N 7 by multiplying both sides
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by % and summing for N 1:

Xoavzdt X (N 1)2N1+2XX1N1A2N1
AnzT = _ (N _1)z" ~ 1 A
wy (N D) W (N o Tk (N 1)
~ ZX N 2 +2>4 XA (N 1 Mt
N N TN 1 KN 1))
xSt X Ax b3 N1
R T N IN Kk 1)
t=0 k=0 N =k+1
b3 b3 N 1
= Zez+2 & E ;
k! 2 (N k 1
k=0 N =k+1
X Ak X 7 (N+k+l) 1 1
= 2 4 2 N+k+1) k 1
k=0 N=0 (« ) )!
= Zez+ ZX & E : X E N i
- ki 2 2 N!
k=0 N =0
X A k
I A Z % s
= ze"+2 K 2 ez
k=0
A%»z) = ze"+2A g s

We simplify this by substituting €*B (z) for A (z) with

X yA
B (Z) = BN m
N =0
and 2
o B ZN 1
B'@= By
N =1

That is, A(z) = €B (z) and A°(z) = €B%z) + €B (z). One can sa that B (z)
is the expectation of the internal path length, if the number of keys is Poisson with
parameter z. Sothe equation readsin terms of B(z) as

e’B%(z) + €’B (z) = ze” + 2B % efe?
B%(z)+ B (2)= z+ 2B g
2 N1 s N s z N
By ———— + Bn —=2z+2 B
NN 1) NNT NN
N =1 N =0 N =0
This corresponds to a simple recurrence on the coe cien ts
1
Bn +Bn 1= 2N—ZBN 1
1
BN = 1 2N > BN 1
for N 3 with B, = 1.
And leadsus to an explicit formula for By :
N{ 2
By = ( DM 1 X

i=1
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So we can get an explicit formula for Ay :

A(z) = €B(2)
X N
= eZ Bn %
N=0o |
X NS X N
= Z_ BN Z_
N! N!
N =0 N =0 |
~ b3 X 1 By N
N koo (N KK
X0 TN
= Bk N Z_
k N!
N=0 k=0
|
XN
An = K Bk (102)
k=0

We want to analyse this sum by Rice's integral resp. a theorem for meromorphic
function, which is derived in 9:

Theorem 10.1. Let be a function holomorphic in a domain that contains the half-
line [no;1 [. If n is big enoughwe have:
If  is meromorphic on the half-plane de ned by R(s) d for somed < no and of
polynomial growth in this set, then
!
X n . X .
(D= ( 1)'Ress  (s)

k=ng s

n!
s(s 1):::(s n)

+0(n%) (10.3)

Sowecanget By = ( 1)V Qn 2and by substitution:
1

XN .
An = K (1) Qx 2 (10.4)
k=2
Qn is de ned only for integers, sowe haveto nd a meromorphic function to extend
Qn to the complex plane. We choosethe following function

¥ X
Q(x) = 1 5
=1

with obviously Q (1) = Q1 and you can seeclearly that QM __ js a correct extension:

(2 V)
Q,
QN:Y‘I 1 i :szl L E]I-_ :Q Q(l)
i 1 1
j=1 2 i-n 1 511' o 1 21'+1N
Q) _ Q@

U N N
1_1:1 1% Q@ N)
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Our equation now has the form:

- k Q)
el kPP Re

Q (x) is obviously meromorphic on the half-plane de ned by R(s) dwith d:= } and
the function is also polynomial. So we get the following equation by theorem 10.1:

X
Ay = ( DVRes, B(N + I; z)L?+2 +0 NZ (10.5)
, Q(2 #*2)
We proceedto evaluate the polesat z 1for B (N + 1; z) %:

B (N + 1; 2z) is singular at z = 0;1 becausethe function is zero in the
denominator.
z=j &% forj =10, L andal k 0 arepolessinceat these points
2 #*I = 1 which causesone of the factors of Q 2 ?*2  to vanish.

Only the polesfor z % are within the region of interest.
So we can approximate the residuesat the poles. Beginning with z = 1:

QW _ | 1 oW
qr 7~ PN DT gmge o

First analyze B (N + 1; 2):

B(N+1; 2)

(N+1) ( 2

(N+1 2
NI( z 1)

(N 2)!

N N!
(1 QT)(Z K

B(N+1;, 2)

1
—~
[EnY
~
=z
N
z
N

1
—~
[EnY
~
z
D
=~z

1
—~
=
—
z
N
=

We want to approximate this by a Taylor seriesexpansion. To do this the following
lemma is helpful:

Q

Lemma 10.1. If F (2) = i2R ﬁ for someindex set R, then the Taylor series
expansion of F at a, if it exists, is given by
|
R NE -
F@=F@ 1+ 1@ ¢ 910 a
el fi(@)
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Proof. v
G@= g (@2
j2R
@)= ¢ % (2)
= i2R k2R6]j
GO(Z) - j2R gﬁ‘(z) k2R6 | Ok (Z) - X gJO(Z)
G(2) T 2r9 () e 8@

F°(a)

F@=F@ 1+ 2

(z a+0 (z a’ =

F@+F%a)(z a+0 (z a)?

At a= 1 we have the expansion for the Beta function:

1 1\?" z !
+ 1; = —
B(N + 1, 2) 1 Zz N 1 j
j=2
1 2
= 7N 1+(Hy 1 D@ D+0 (z 1)
- N N 1)+0(z 1)
1 7 N 1
= N NH 1)+ 0(z 1)
7 1 N 1
with Hy 1= +InN O & . Sowe get
B(N+1 2)= % N( +InN 1)+ 0(z 1)
Approximation of - with the seriesexpansion for ' leadsto:
1 1 1 1 z+1 s
= = + = + +1
1 2 1 e =D (z+Dm2 2 12 *0C(z+D
1 1
= ——— —+ 4+
Z Dnzt2t0@ b

The missing part % is analyzed similarly to B (N + 1; 2z) by usingthe Taylor
expansion for the Q function:

Q) Y 2+
Q2 =) <1
N .
= 1 In2 12721.11(2 1)+0 (z 1)?
j<1

1 In2(z 1)+0 (z 1)

with =1+ 2+ 1+ L+ 1,606695.

Connecting the analyzed parts, the integrand is approximately:

B (N + 1; z)% = le N(Hny 2 1)+ 0(z 1)
1 1
Z Dnzt270@ D

1 In2(z 1)+0 (z 1)
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The residue at z = 1 is the Laurent coecient a 1 of ﬁ in this product:

N 1
- = R + =
Res;=1 N2 (Hv 2 1)+ N 5
1 1
= NIigN N TV 5o 0o (1)
: P — 2 ik .
Then approximate the residuesat the other polesz =1 35
1 X 2 ik
i = — + 1 —Q
ReS- 4 n2, B N+L 1 93
i N+ 1 1 2K
B N+1 1 % - ( ) St in 2
n N %z
_ 2 ik (N)
= N 1 In2 N 2 ik
In 2

Now the standard approximation formula for the function is usedto simplify this
term.

% = N 1+ 0 Ni

Res,; 2% = N 1 % (N DF% 1+0 L
= N 1 % NFE 1+0 Ni
= N 1 % e%gl 1+ 0 Ni

The sum of residuesat the points z=z=1 % is found to be

Res,_, 21k = N (N)+ O(2)

In

where

_1 X 2k 5 ikign
(N)= 13 1 Tz ©
k60

is a small oscillatory term. So nally we insert these results in (10.5) and get the
following theorem:

Theorem 10.2. The averageinternal path length of a digital search tree built from N
records with keys from random bit stream is

1

Ay = NIgN+ N ——
N g In2

1 1
+ > + (N) +0O N2
Proof. This follows from the derivation above. |

10.3.4 External Internal Nodes

A property of trees of someinterest is the number of internal nodes which have both
links null. An alternate storage represertation could be used for such nodesto save
space.
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Theorem 10.3. The average number of nodeswith both links null in a digital search
tree built from N records with keysfrom random bit streams is

1 1 )

or 3 + (N) +0 N2
1

N +1

where the constants involved have the values

=1+ %3+ I+ L+ 1606695,

Q =3 3 L+ :288788: and
_ 122 1 228 1,1 324 1, 1,1 . .
= i t53 7t3 vtz 1+t3+t37 + 7:74313::

1 1
The function (N is a periodic function in IgN, with j (N)j< 10 ®. The approx-
imate value of the coe cient of the leading term is 0:372046812:.

Proof. As before, we use a simple transform with generating functions to derive an
explicit sum, then use Rice's method to evaluate this sum. The number of external
internal nodesis
|
X 1 0N 1
2N—1 K (Ck + CN 1 k), N 2 (106)
with C; = 1 and Cp = 0. This follows from the fact that the number of nodes with
both links null in a tree is exactly the sum of the numbers of such nodesin the two
subtrees of the root while the tree has more than one nogg.

In terms of the exponertial generating function C(z) = CNNZ!N by multiplying

both sidesby % and summing for N 1, we have:

X ocyzN ! b3 b3 ' N1
NZ _ 1 N 1 z
Cot (N 1) 1+ 2 w1 Ck(N 1)!
N =2 N =2 k=0 I |
Xocyzd v 14 X 2X 1 N 1 Mt
(N 1) N1k KINT 1)
N =1 N =2 k=0

This leads, similar to An, to the equation

Cc%z) =1+ 2C 5 e? (10.7)

P
Again weintro duce a new generating function D (z) = ﬁ:o D%Z!N de ned by D (z) =
e *C (z) to get a somewhat more manageable form:

D°(z)+D(z)=e ?+2D 2
By the recurrence on the coe cien ts we get:
Dy + Dy 1= ( DM l+2N—2DN 1
Dhn=( V' 1 " 2 Dy g N 2 (10.8)

with D1=1,Dg = 0.
We de ne the constant q:= % (we will seethat only this constant changesfor M-ary
trees). This recurrence is inhomogeneous, so we get a somewhat more complicated
explicit form:
1 2
Dn = ( DV 1 K 1
i=1 j=i
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Rewriting this in terms of

RN = 1 -

and transforming like (10.2) back:

Dn ( DV Ry 2Cn
" !
= N N DN
k=2

We have the following explicit sum for the desired quantit y:

Cn = N e ¥Rk 2 (10.9)

This sum is similar to (10.4) but more dicult to evaluate becauseRy is more com-
plicated than Qn . BecauseR(z) doesnot extend Ry for positive integers, we get by
Taylor expansionthat Ry = N + 1 + Ry . Ry satis es a simple recurrence, con-
vergesvery quickly and is polynomial bounded, sowe extend Ry by the meromorphic
function R (2)

N +1 1

R, = (N*1 )g

1 g+ + 1 v+t Ri 41
X- (Z{i‘l"’l )qz+l+i
R (Z) = N zZ+1+ |
i=2 jo L ™)
Substituting, we have
|
N ‘
Cn =N K ( D(Rg 2+k+1 )
k=2
After applying the elemertary identities of Pascal's triangle
| |
X N X N
k _ k _
k ( 1) - k ( l) - Oy
k=0 k=0
we have the simplied result
!
N K
Chn=(N 1( +1) K ( DRy » (10.10)
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Now, by Theorem 10.1 and again looking only at the half-plane to the right of the line
z= 1, we know that

X
Cn (N 1( +1)= ( DVRes;,(B(N+ 1 2z)R (z 2)+0O Nz
z
, (10.11)
In this casewe look at the polesfor R (z 2) at1 % and seethat they are all
single poles. The main term is given by N lim,: 1 R (z 2); the polesfor k 6 0 add

a small oscillatory term.

Lemma 10.2.
)4 n 1

Qn - P = Ql m
n=o k=1 1 q) k=0 (1 d<u)

Proof. The coe cien t of u"g™ on both sidesis the number of ways to write n as the
sum of m nonnegative integers. |

The method of calculating R (1) isto expressR (z) in terms of generating functions,
which generalizesthe function of Lemma 10.2,then to expand that function and exploit
certain properties of its derivatives. Speci cally , we de ne
b3 iyl
F(uv) = & du ,
s i (@ dv)

This is the generating function for restricted partitions, the coe cien ts of u"v™g* is
the number of ways to partition k into m parts not exceedingn. By Lemma 10.2 we
get:
h no n
q'u
F(ul)= Q0
o ke @09

X u”
F(ul+1= . Q—,k,zl T 9
DN 1
F(u;l)= Q_lik:o T g0
FL;)=0,% &L

Also we have

1 x o
Fo(u;l) = Q@ :
' T @ odu @ du)
sothat FP(1;1) = 5. Furthermore, we have
% .
F 1;qZ+l = Qj qj z+1+ i
[P € R )
FY L - o1

-1 J;:l (1 qz+1+ i)'
which nally givesthe following expansion:

z+1

R (2= ;o (241 ) F 1@ +1+F g

From this formulation, a Taylor expansionaround z = 1 is straightforw ard:

qz+1 _ 1 1
1 @~ (z+1)lnq o+ 0@+ 1)
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F L™ =F@D+ (z+ DIngF(1;1)+ O(z+ 1)°
FP L™ = FP@L D)+ (z+ 1)IngFS (1) + O (z+ 1) ;

so that
R(z) = %+ F211) FR@1)+0(z+1)
I
X g X kKo
q
FP(1;1) = Q- : (10.12)
j=1 @ od) 1 I
X o X ko
= id q
FP(1;1) = e : (10.13)
j=1 Ji=1 1 dq) k=1 1o

Actually , we canrelate FY(1;1) to and Q; . Because
FP(L1) = F2(L1)+ F (L)

there is F2(1;1) = g2+ 1. There doesnot seemto bean easyway to expressF{¥ (1;1)
in terms of and Q1 , sowe denote that constant simply by . Collecting terms, we
have shown that the residue of the integrand at z = 1 is

N +1 1o 1
Q1 Ing
It remains to calculate the residuesof the integrand at the other singularities.
This calculation is straightforw ard: the residue of 1(1% atz= 1 Z 'g is ﬁ and
the other terms in R () contribute a factor of 5%—<. The factor for B (N + 1; 2)

is expanded exactly asin the preceding Taylor expansion for the internal path length;
thus we have the oscillatory term

Ny = 2 X 2 ik L 2k 2w
Q1 Inqkso Inq Inq
This completesthe calculation of the coe cien t of the linear term. O

10.4 Digital Search Tries
10.4.1 Data Structure of Tries

De nition  10.10. A digital seard trie is a digital tree for storing a set of strings in
which there is one node for every pre x of every string in the set.

The name of this data structure comesfrom the word retrieval. The word retrieval is
stressed,becausea trie has a lookup time that is equivalent to the length of the string
being looked up. Again we represert the strings as keys in binary form. It may be
convenient to assumethat the strings are all of same(binary) length, but the method
is also appropriate for varying length strings, if no string is a pre x of another.
Digital seardh tries compared to trees have much improved worst case performance.
Their averagecaseperformance is asymptotically optimal. If N recordswith keysfrom
random bit streams are inserted into an initially empty trie, then the averagenumber
of nodes examined during successfulseard reads as

1

1
N+t MO R
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dd@ddddddddd()ﬁ"l’ﬁ-r
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Figure 10.5: Example for a digital seard trie with external path length = 18

10.4.2 Data Structure of Patricia Tries

You can optimize the performance of a trie constructed with N keys by ensuring that
this trie has just N 1 internal nodes by collapsing one-way branches on internal
nodes and get the so called Patricia tries:

De nition  10.11. A Patricia tree is de ned as a compact represertation of a digital
seard trie where all nodeswith one child are merged with their parent.

ddddo?idddddddddg Yot
qu.(kkk 0
0 }(K’11 } G110 Hi111
Y 0y}

Aooo

Boo1 Co1o Do11

Figure 10.6: Example for a Patricia trie

The average number of nodes examined during successfulseard is one lessthan for
standard tries.

10.4.3 External Path Length

De nition  10.12. The external path length of a tree is the sum of the depth of every
leaf of the tree.

The fundamental recurrence for the average external path length of a binary trie is
|
10N
(Tl _
Avt= N+ 5
k=0

Al Al N2 (10.14)

with Ag] = A"l = 0. This is the number of nodes examined during all successful
seardies. Note that since no key is stored at the root, the subtrees have a total of N

keys. The resulting functional equation on the exponertial generating function is not

a di erence-di eren tial but simply a di erence equation:

Alll(z) = z(e# 1)+ 2All! g e 2

It is still convenient to transform the equation with A (z) = €°B (z) to get the equation
BUl(z)=z1 e? +28M 2

This yields directly

BT (@) = — 5

N( DM
1

2
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and % 1
A== T oy
k=2 1
This can be handled directly by Rice's method or Mellin transform techniques, as
described in full detail in [Szp0Q.
The fundamental recurrence for the average external path length of a Patricia trie is
|

k 1

N~ | X

3 :
P1_ 1 1 N P14 APT .
AN =N 1 2N—1 + 2_N k Ak + AN kK N 1 (1015)
0

with AE,P] = 0. The external path length is the sum of the onesof the subtries of the
root plus the number of nodesin the subtries (N) unlessone of the subtries is empty
which has the probabilit y 2N1 . The resulting functional equation on the exponertial

generating function is

APl@) =z & ef +2a") 2 et
with transformed version
BPl(z)=2z 1 e ¢ +28P1 Z
which yields directly
N (D"
[P] —
B"'(z) = N T
and % ]
k
Pl _ N k(1D _.m
Ay = K 21 1 1_AN N
k=2

Given the result for binary tries the average external path length for Patricia tries is
obvious.

10.4.4 External Internal Nodes

The average number of internal nodes with both sonsexternal are computed for Pa-
tricia tries. The derivation is similar to the one for digital seard trees, so we only
sketch it here. We start with the recurrence

|

1 N

clPl _ X 1
N 2Nk

cPl+clll. ;v N 3 (10.16)

with C([,P] = CEP] = 0and Cgp] = 1. This corresponds to the functional equation

2 z
clPl (2) = g + oclPl z ez
which transforms to )

4 z
D[P] - £ z 4 2D[P] z
@= % e

and eventually givesthe sum

X
crio XNk
4 k 1 L
k=2 2

Knuth givesspecic evaluations of such sums. The eventual result is that the propor-
tion of nodesin Patricia tries with both sonsexternal is ;2 = :3606:: plus a small

oscillatory term. Thus, according to this measure, digital seard trees are (slightly)
more balanced than Patricia tries.
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10.5 Multiw ay Branc hing

Aboveonly binary treeshavebeenanalyzed. But we can generalizethe averageanalysis
to M -ary trees, where each node contains M links to other nodes, numbered from O to
M 1. It turns out that the analysis given above surviveslargely intact for the M -ary
case. For example,to nd the averagenumber of nodesin a M -ary digital seard tree
with all links null, we begin with the fundamental recurrence:

ciMl =

X 1 N 1

[M] M] .. M1 .
MN 1 kl.kz.....kM Ckl + Ckg it CkM '
1 ’ e

k1+ko+ i+ ky =N

N 2 (10.17)

with M1 = 1 and c[™! = 0. The argumentation is the same as for the digital
seard tree. The number of nodeswith all links null in a tree is exactly the number of
such nodesin all the subtreesof the root, unlessthe tree hasjust one node. Again the
partitions of N 1 nodeswithout the root into M subtreesweighted by all possibilities
are examined. All the subtreesare randomly built according to the same model.
By symmetry, (10.17) is equivalent to

!
X 1 N 1

MN 1 kiiko: ik

ki+ko+i+ky =N 1

cMI= cl N 2

with Cﬁ'\“ = 1and C([,M] = 0. Now we intro duce the exponertial generating function

M P 1 C[M 1N . . . . . .
cMl(z) = N=o —y7— and derive the following di erence-di eren tial equation:
, M1
cMPz)= 14McM 2 e =1+McM 2 &t )7 (10.18)

For M = 2, this is exactly the equation derived from (10.7); moreover none of the
manipulations used for solving it depend in an essemial way on the value of that
constart.

Corollary 10.1. The average number of nodeswith all links null in an M -ary search
tree (for M 2) built from N records with keys from random bit streams is
!

N MIyq 1 L, mi2 ™1, miN) +0 N?
M1 InM
Q1
where tf}g constants involved are given by
M] — 1 1
- k=1 MK ’
M] _ X1 1
Ql - = k=1 1 MK =
M] _ 1 km k+1 k 1
- k=1 V%(ﬂ M i 1) j=L M1l 1
and the oscillatory tgrm is
M - 1 2 ik 2 ik 2 ik lgN
[](N)—Q1 n M k60 Inll\/I 1+InlI\/I S

10.6 General Framew ork

The methods that we have usedin the previous sections can be applied to study many
other properties of digital trees. If X (T) and x (T) are parameters of trees satisfying

X
X (T) = X (Tj) + x(T) (10.19)

subtr ees Tj of the root of T



10.6. GENERAL FRAMEW ORK 115

then the exponertial generating functions for the expectations Xy and xy for an
M -ary digital seard tree built from N records with keys from random bit streams
satisfy

z

X°%z) = MX 1 )24 x(2)

This is derived in exactly the samemanner as (10.18). Now in terms of the generating
functions Y (z) = e ?X (z) and y (z) = e *x(z) this becomes

Yo2)+ Y (2)= MY +y%(2) + v (2) (10.20)

z
M
This leadsto angnlinear recurrencelik e (10.8) satis ed by Yy , with the solution sought
given by Xy = Ezo “lf Y. If the quantity ( 1)k Yk is su cien tly well behaved, we

can study its asymptotics and nd a function Y, which

P
(i) is simply related to Yk sothat l’:l=0 Nk Ye ( 1)k Y, is easily evaluated,

(ii) satis es arecurrence of the form Yy, = (1 g(M;N)) Yy + f (M;N),
(iii) goesto zeroquickly asN ! 1.

Depending on the nature of g(M;N);f (M;N) and the speed of convergence,condi-
tions (i) and (iii) may allow the recurrenceto be turned around to extend Yy to the
complgex plane and so allow the desired expectation to be computed by evaluating the

sum E‘zo “; Ye ( 1)k Y, asdetailed in the previous sections.

The sametype of generalization applies to the study of tries (and Patricia tries), and
the simpler nature of the recurrencesfollows through the generalization. For example,
the exponertial generating functions for the expectations Xy and xy of parameters
of trees satisfying (10.19) for a random trie built from N records from random bit
stream is . ,

X (z) = MX i eM + x(2) (10.21)

which is considerably easierto deal with. The equation can be solved by Rice's method
and also by Mellin transform techniques.

This general framework allows quite full analysis of the typesof trees considered, and
they clearly exposethe fundamental di erences and similarities among the analyses.
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